The Hermitian symmetric space M = EIII appears in the classification of complete simply connected Riemannian manifolds carrying a parallel even Clifford structure [19] . This means the existence of a real oriented Euclidean vector bundle E over it together with an algebra bundle morphism φ : Cl 0 (E) → End(TM) mapping Λ 2 E into skew-symmetric endomorphisms, and the existence of a metric connection on E compatible with φ. We give an explicit description of such a vector bundle E as a sub-bundle of End(TM). From this we construct a canonical differential 8-form on EIII, associated with its holonomy Spin(10) · U(1) ⊂ U (16), that represents a generator of its cohomology ring. We relate it with a Schubert cycle structure by looking at EIII as the smooth projective variety V (4) ⊂ CP 26 known as the fourth Severi variety.
Introduction
This paper deals with the compact Hermitian symmetric space EIII = E 6 /(Spin(10) · U(1)).
Its holonomy group G = Spin(10) · U(1) ⊂ U (16) gives rise to a G-structure we will describe in details both in the flat space C 16 and in sixteen dimensional complex Hermitian manifolds.
The symmetric space EIII appears in the literature in more than one context. For example it is oӔen called the projective plane over the complex octonions. One can in fact construct EIII by starting from the complex exceptional Jordan algebra is the exceptional simple complex Lie group E 6 (C). The action of E 6 (C) on the associated projective space orbit, consisting of rank one matrices and defined by the quadratic equation
turns out to be the symmetric space EIII. By using the compact subgroup E 6 ⊂ E 6 (C) one gets as isotropy subgroup Spin(10) · U(1) = (Spin(10) × U(1))/Z 4 . The outlined construction is parallel with that of the projective Cayley plane FII = F 4 /Spin (9) , and this is one reason for naming EIII the projective plane over the complex octonions. Cf. for example [1] for such constructions of FII and EIII, and [29, pages 86-90 ] for a careful description of the subgroup Spin(10) · U(1) ⊂ E 6 . Our motivation for the present work has been the study of Spin(9)-structures on 16-dimensional Riemannian manifolds. We did this in our previous work following the approach of Th. Friedrich [10] , i.e. via a suitably chosen rank 9 vector sub-bundle of the endomorphism bundle (cf. also Section 2 as well as [22] ). Here we develop a similar approach for the groups Spin(10) ⊂ SU (16) and Spin(10) · U(1) ⊂ U (16) . Our point of view fits in both contexts of Clifford systems and of even Clifford structures. These two notions are generally closely related, but not equivalent, as we will see in the present situation (cf. Theorem 1.1).
The notion of Clifford system, by definition a family (P 0 , . . . , Pm) of symmetric orthogonal and anticommuting endomorphisms in R N , has been introduced in the early 1980s by D. Ferus, H. Karcher and H. F.
Müntzer in the framework of isoparametric hypersurfaces of spheres, and has been recently exploited in the study of singular Riemannian foliations in spheres (cf. Section 4 for further informations). The second notion, of a Clifford structure, has been instead proposed by A. Moroianu and U. Semmelmann, see [18, 19] , and studied in different contexts, being a unifying setting including Kähler, quaternion-Kähler, Spin(7), Spin (9) and other geometries. In this paper we describe a rank 10 vector sub-bundle E ⊂ End(TM) on a 16-dimensional Hermitian manifold M, equipped with a Spin(10) · U(1)-structure, such that Λ 2 E is mapped to the bundle End − (TM) of skew-symmetric endomorphisms. This is exactly the definition of an even Clifford structure (cf. Section 7 for more details). As in the case of Spin(9), one can write (local) skew-symmetric matrices ψ D = (ψ αβ ) 0≤α,β≤9 of the Kähler 2-forms associated with Λ 2 E. According to [19] , when this structure is parallel with respect to the Levi-Civita connection and on the simply connected non flat case, the Hermitian symmetric space EIII is the only possibility for such a manifold. Next, we look at EIII in another aspect, namely as a smooth complex projective algebraic variety. In this respect EIII has been called the fourth Severi variety. This term refers more generally to the possibility of defining projective planes over four complex composition algebras, namely over C ⊗ R, C ⊗ C, C ⊗ H, C ⊗ O, and embedded in complex projective spaces of suitable dimension. One can in fact construct in a unified way (cf. [15] ) projective planes over the four listed composition algebras, and get in this way the four Severi varieties V (1) , V (2) , V (3) , V (4) as smooth complex projective varieties respectively in CP 5 , CP 8 , CP 14 , CP 26 .
Both the ambient spaces and the Severi varieties can be seen as projectified objects, the former of the Jordan algebra of Hermitian matrices, and the latter of their sets of rank one matrices. Further informations on the Severi varieties will be given in Section 3. In Section 7 we prove our main result: 
Preliminaries
A natural approach to Spin(10)-structures is via an extension of the following notion, used in real 16-dimensional Riemannian geometry (see [10] for Spin(9)-manifolds, and [22] for some applications).
Definition 2.1.
A Spin(9)-structure on a 16-dimensional Riemannian manifold (M, g) is a rank 9 real vector bundle
locally spanned by self-dual anti-commuting involutions Iα : TM → TM. Thus
and
In the terminology of the Introduction, E 9 is a non-essential even Clifford structure, defined through the local Clifford systems (I 1 , . . . I 9 ). From these data one gets on M the local almost complex structures J αβ = Iα ∘ I β , and the 9 × 9 skew-symmetric matrix of their Kähler 2-forms
The differential forms ψ αβ , α < β, are thus a local system of Kähler 2-forms on the Spin(9)-manifold (M 16 , E 9 ).
On the model space R 16 , the standard Spin(9)-structure is defined by the generators I 1 , . . . , I 9 of the Clifford algebra Cl(9), the endomorphisms' algebra of its 16-dimensional spin real representation ∆ 9 = R 16 = O 2 . Accordingly, unit vectors in R 9 can be viewed as self-dual endomorphisms
and the action of
where Ru , R u denote the right multiplications by u, u, respectively (cf. [12, page 288] ). The choices
define the symmetric orthogonal endomorphisms: 
with α < β, and by the 84 compositions J αβ = IαI β I , α < β < , all complex structures on R 16 . We will need the explicit matrices J αβ . By using the notation Ruv = Ru ∘ Rv, u, v ∈ O, we can arrange their list into the following three families:
9) 
(2.12)
These 2-forms, via invariant polynomials, allow to get global differential forms on manifolds M 16 .
The following is proved in [22] : 
where Φ Spin(9) ∈ Λ 8 (R 16 ) is the canonical form associated with the standard Spin(9)-structure in R 16 .
The 8-form Φ Spin (9) was originally defined by M. Berger in 1972, cf. [3] . See also the following Remark 6.3.
The fourth Severi variety V (4) ⊂ CP

26
The following characterization of the four Severi varieties was proved by F. L. Zak in the early 1980s in the context of chordal varieties ( [16, 25, 30] ). Let Vn ⊂ CP m be a smooth complex projective variety not contained in a hyperplane, and assume that its dimension n satisfies n = 
, the Plücker embedding of this Grassmannian in CP 14 , iv) V (4) ∼ = EIII, the projective plane over complex octonions as a smooth subvariety of CP 26 .
Moreover, the lower codimension hypothesis n > For the four mentioned exceptions, namely the Severi varieties V (i) (i = 1, 2, 3, 4), the chordal variety Chord V (i) coincides with the cubic hypersurface det A = 0, i.e. with the variety of matrices of rank ≤ 2 in the construction via the Jordan algebra H 3 in the respective complex composition algebra.
The name for these four V (i) was given by Zak in recognition of a 1901 F. Severi's work [27] , investigating projective surfaces with the mentioned chordal property, and characterizing in this way the Veronese surface V (1) of CP 5 . It is notable that from Zak classification it follows that all the four Severi varieties can be looked at "Veronese surfaces", i.e. at projective planes
embedded in complex projective spaces via an appropriately written "Veronese map"
wherexm denotes the conjugation in the second factor algebra (cf. [30, Theorems 6 and 7] ). It is relevant for us that the four Severi varieties appear in the following table of "projective planes" (K ⊗ K ′ )P 2 :
This can be seen as an application to compact symmetric spaces of the Freudenthal magic square of Lie algebras, see e.g. [2, page 193] . In particular, in the C-row and the C-column of the above table we see the four Severi varieties
where following the classical notations V d n denotes a complex projective algebraic variety of dimension n and degree d in a CP m .
We can also recognize how the cohomology of the first, second and third Severi variety is generated by the cohomology classes of canonical differential forms. There is of course the Kähler 2-form as the only generator on V (1) ∼ = CP 2 , and there are the two Kähler 2-forms of the factors for Both the cohomology algebra and the Chow ring of V (4) ∼ = EIII have been computed (see [6, 13, 28] ). The integral cohomology algebra has no torsion and: A CW-decomposition of EIII into Schubert cycles is described in [6, 13] . This allows to get the Chow ring of EIII, whose structure is isomorphic to that of mentioned cohomology. This has been done in [13] by obtaining three generators and several relations, and in [6] has been observed that two generators suffice. The following picture, taken from [13] , describes the Schubert cycles of EIII, labelled by their degrees, and their incidence relations. The complex dimension of the cycles goes from zero on the leӔ to 16 on the right, where the full fourth Severi variety V 
A Clifford system and a Lie subalgebra h ⊂ so(32)
The construction outlined in Section 2 for the canonical 8-form Φ Spin (9) can be seen in parallel with those of other canonical differential forms. Proof. Such a family I 0 , . . . , I 9 would define (aӔer multiplying each of them by i) a representation of the complex Clifford algebra Cl 10 ∼ = C(32) (the order 32 complex matrix algebra) on the vector space C 16 .
Both definitions of a Sp(2) · Sp(1)-structure and of a Spin(9)-structure (cf. Definition 2.1 and the discussion at the very beginning of this Section) fit in the framework of the so-called Clifford systems (see [9, 11, 24] ). These are sets C = (P 0 , . . . , Pm) of symmetric transformations in a Euclidean real vector space R N such that P When k = 1 the Clifford system is said to be irreducible. Thus, for m = 8 and for m = 4, an irreducible Clifford system defines a Spin(9) and a Sp(2) · Sp(1) structure in R 16 and in R 8 , respectively. The prototype example of an irreducible Clifford system is, for m = 2 and in R 4 ≡ C 2 , the set of the three Pauli matrices
The former table foresees the existence of an irreducible Clifford system with m = 9 in the vector space R 32 .
This does not contradict Proposition 4.1, stating that such a Clifford system cannot be chosen with all elements in U(16). To write a Clifford system C 9 = (P 0 , P 1 , . . . , P 9 ) in R 32 , one can imitate the procedure that allows to pass from C 4 to C 8 , i.e. from a Sp(2) · Sp(1) to a Spin(9) structure. This gives the following symmetric matrices in SO(32), and a concrete realization of the Clifford algebra Cl 0,10 on R 32 .
where the J 1β are the ones defined in (2.8), (2.10). It is immediately checked that P 2 α = Id and PαP β = −P β Pα for α ≠ β.
The following complex structures P αβ = Pα ∘ P β (α < β) in R 32 generate a Lie subalgebra h ⊂ so(32). We will see in a moment that h ∼ = spin(10) ⊂ su(16) ⊂ so(32). Note that by construction the vector space generated by all these P αβ is a Lie subalgebra h of so(32).
The Lie algebra spin(10) ⊂ su(16)
To relate the Lie algebra h =< P αβ > 0≤α<β≤9 constructed in the previous Section with the Lie algebra spin (10), it is useful to compare it with a description of the (half-)spin representation of the group Spin(10) on C 16 . References for spin representations are for example [21, Lecture 13] and [17, Chapter 3] . However, a specific (and for us convenient) excellent account to the group Spin(10) has been given by R. Bryant in the file [5] . Since the representation of Spin(9) ⊂ SO(16) in Bryant's notes is slightly different from the one used in R. Harvey's book [12] , and since we used this latter both in our previous papers [20, 22, 23] and in the previous Sections, we need first to rephrase in our context some arguments. At Lie algebras level, we can go from spin(9) to spin(10) by adding to the family J C = {J αβ } 1≤α<β≤9 of 36 complex structures nine further complex structures in C 16 . Since the spin representation of Spin (10) is on C 16 , the new family
will be of 45 complex structures on C 16 , and a basis of spin (10) .
In the approach of [5] , one first looks at Spin(10) as a subgroup of Cl(R ⊕ O, <, >), the Clifford algebra generated by R ⊕ O endowed with its direct sum inner product. This algebra is isomorphic to End
since this latter is isomorphic to M 16 (C), the linear map
defined by the matrix
has to be, by dimensional reasons, a one-to-one onto representation, whence the claimed isomorphism
This allows to recognize the Lie algebra spin(10) as:
This description is consistent with obtaining spin(10) through the datum of the nine extra complex structures J 01 = I 0 I 1 , J 02 = I 0 I 2 , . . . , J 09 = I 0 I 9 to be added to the family J C of the 36 complex structures defining its Lie sub-algebra
}︃ .
In particular, the inclusions spin(9) ⊂ so(16), spin(10) ⊂ su (16) are immediately recognized.
Observe also that, since there are no intermediate subgroups between Spin(9) and Spin(10), the latter is generated by its subgroup Spin (9) (10), is given as follows: and, from Formulas (2.12):
The "new" Kähler forms ψ 01 , ψ 02 , . . . , ψ 09 , associated with J 01 , J 02 , . . . , J 09 , read: Proof. An isomorphism can be defined through the choices of our bases. Just look at the correspondence
Beginning of the Proof of Theorem 1.1. The two isomorphic Lie subalgebras h, spin(10) ⊂ so(32) correspond to two subgroups H, H ′ ⊂ SO(32). Note that both H and H ′ are isomorphic to Spin(10). For the subgroup H, this is recognized by the characterization of Spin(n) as the group generated by unit bivectors in the multiplicative group of invertible element in the ambient Clifford algebra (see for example [12, page 198] ). As for H ′ , its isomorphism with Spin(10) is a consequence of how we constructed the group H ′ ⊂ SU(16) and its Lie algebra at the beginning of this Section. Note that in the previous discussion we already denoted by Spin(10) the subgroup H ′ ⊂ SU(16) and by spin(10) its Lie algebra. By comparing with the half-spin representation theory ([17, Chapter 3] , in particular pages 80-85), it follows that H is a real non-spin representation of Spin (10) and that H ′ is the image under one of the two non-isomorphic and conjugate half-spin representations of the abstract group Spin(10).
Remark 5.2. Concerning the subgroup H ⊂ SO(32), observe that among the endomorphisms P 0 , P 1 , . . . , P 9 of R 32 defined by Formulas (4.1), just P 6 ad P 7 are not in U(16) ⊂ SO(32). A detailed description of them gives: 
Denote by τ 2 = ∑︀ 0≤α<β≤9 ψ 2 αβ the second coefficient of its characteristic polynomial.
is the Kähler 2-form of the complex structure I on C 16 .
Proof. Decompose τ 2 as follows:
where
and note that the 2-forms ψ appearing in the three sums are listed in (5.3), (5.4), (5.5), respectively. Look then at the restrictions
obtaining:
A rather long computation leads then to the conclusion. Of course, an approach like this is not possible for Φ Spin(10) , due to the lack of a similar Hopf fibration to refer to. Thus Definition 6.2 appears to be a coherent algebraic analogy, and as we will see in next Section, it is suitable to represent a generator for the cohomology of the relevant symmetric space.
Remark 6.4. Denote by I 0 the standard complex structure on C 16 and look at the ten endomorphisms I 0 , I 1 , . . . , I 9 : the first of them is a complex structure and the remaining nine are involutions. The above discussion shows that these data are the right choice to give rise, via compositions of any pair of the ten endomorphisms, to the family J D = {J αβ } 0≤α<β≤9 , a basis of spin (10) . Note also that, on the fourth Severi variety EIII, the complex structure I 0 can be looked at as element of the Lie algebra in the second factor of its holonomy Spin(10) · U(1). Since EIII can be looked at as the projective plane over the complex octonions, it is natural to similarly construct a projective line over complex octonions, that turns out to be a totally geodesic submanifold of the former [7, 8] . This is the oriented Grassmannian:
(C ⊗ O)P 1 = Gr 2 (R 10 ), , and here globally defined since k = 2 is even. The latter is the rank 10 even Clifford structure we defined in the previous Section, and here restricted to Gr 2 (R 10 ). We need now the following fact. The Kähler 2-forms ψ αβ (0 ≤ α < β ≤ 9), that we wrote explicitly and globally on C 16 , are of course only local on EIII. They are associated with its non-flat even parallel rank 10
Clifford structure. In situations like this it has been proved that such Kähler 2-forms turn out to be proportional to the curvature forms Ω αβ of a metric connection on the structure bundle. An observation like this can be and the conclusion follows.
